The transport of passive tracers inside a two-dimensional differentially heated cavity is investigated numerically in the oscillatory regime, both in the vicinity and far from the corresponding Hopf bifurcation. Differential transport at low Rayleigh number is essentially linked to the exchange of fluid between two symmetric homoclinic tangles. A hierarchy of models is developed for the transient homogenisation process, the third order model reproducing well the observed behaviour. The vertical transport is efficient only at higher values of the Rayleigh number once all invariant tori have resonated. Signatures of non-hyperbolicity are shown by monitoring the variance of the coarse-grained concentration vs. time.
Mixing via natural convection
Transport processes and mixing are ubiquitous in Nature and in man-made systems, e.g. the dispersion of pollutants in the oceans or charged particles in fusion plasmas. Efficient mixing, in the limit of weak molecular diffusion, relies necessarily on chaotic trajectories of the associated fluid flow. Such chaotic motion can be induced by externally stirring the fluid, as when sugar is mixed in the morning coffee using a spoon. In some situations, it can however be desirable to achieve mixing using non-intrusive techniques. Natural convection is an interesting candidate as it only requires heat flux at the boundaries of the domain to set the fluid in motion via buoyancy forces. Chaotic advection usually requires the flow to be unsteady from an Eulerian point of view, which usually occurs via hydrodynamic instabilities beyond some finite value of the Rayleigh number. We focus in this article on a model convection flow inside a two-dimensional cavity filled with air, heated on one lateral wall and cooled on the opposite wall, while the top and bottom walls are considered adiabatic. The cavity has a geometrical as-pect ratio height/width of two, and the flow is known to become oscillatory beyond a given value of the Rayleigh number Ra = Ra c = 1.5865 × 10 8 , where Ra is proportional to the temperature difference between the two walls 8 . Chaotic advection of non-diffusive tracers in the oscillatory regime has been considered numerically by Oteski et al 5 . Each tracer is advected, its position obeying the equationẋ = u(x), where u is the velocity field whose period T 0 sets the timescale. The Navier-Stokes equations for the temperature and velocity are solved under the Boussinesq approximation using a spectral time-marching algorithm, and the tracers are advected using 5 th order interpolation scheme. It was shown that the phase space for the Hamiltonian transport of tracers is in general mixed, featuring both chaotic and non-chaotic trajectories. Close to Ra c , the fraction of chaos is weak, with chaotic trajectories confined to the neighbourhood of homoclinic connections, whereas for sufficiently high Ra (the flow being still time-periodic) the flow is considered as globally mixing except near the center of the cavity. A sketch of the set-up is displayed in Fig. 1 , along with all the homoclinic and heteroclinic streamlines associated with the steady base flow. The steady velocity u(x) field obeys a Z 2 symmetry around the center of the cavity, such that u(Rx) = −u(x), where R : (x, z) → (
Suppose now that passive tracers are injected locally near the left (hot) wall, it is relevant to ask how the oscillatory flow would transport these tracers and how they would disperse in the cavity. In particular, the symmetry of the flow suggests that for all values of Ra > Ra c , the tracers should eventually reach a semi-mixed state featuring the same amount of tracers on both sides of the vertical line x = 1/4. For higher Ra, this horizontal homogenisation is expected to be followed by vertical homogenisation. This delicate issue, generic to all Z 2 -symmetric Hamiltonian systems with perturbed homoclinic loops, forms the main topic of the present article.
Transport out of one single homoclinic tangle
We begin by considering the transport of tracers in the neighbourhood of one single homoclinic loop, and we choose the loop Γ homoclinic to the saddle periodic point P , without loss of generality. The same study can be conducted for all other homoclinic loops located away from the vertical axis of symmetry of the cavity (visible in Fig. 1 ), and at any value of Ra above Ra c , since their stability characteristics remain unchanged with increasing Ra 5 . For Ra < Ra c , P is a fixed point, the flow is steady and the homoclinic loop acts as a material barrier, hence preventing transport out or into the loops. For Ra Ra c , P is a periodic point. Its stable and unstable manifolds no longer coincide: they intersect transversally and the homoclinic loop turns into a homoclinic tangle 6 . Tracers initially seeded well inside the loop show now a finite probability of exiting after a finite time. The exit process is shown in Fig. 2 for two values of Ra: Ra 1 = 1.587 × 10 8 and Ra 2 = 2.050 × 10 8 , i.e. respectively 0.03% (close) and 29% (far) above the onset of unsteadiness Ra c . The tracers in Fig. 2 have been released at initially small distances d 0 from the periodic point along its unstable manifold, with N 0 = 10 4 different values of d 0 . All tracers follow Γ for a finite time, performing an arbitrary number of turns. After each turn, the particle either turns back into the loop for another round or exits along the heteroclinic connection Γ linking P to its symmetric image RP . In a first approach, we quantify the number of tracers still present in the left half of the cavity {x ≤ 1/4} after a time t from their release, without allowing the tracers to come back once they have exited. After some initial transit, this number N E (t) ("E" as in "escape") is well fitted by a algebraic law ∼ t −β , see Fig. 3 (left). The values of β are 1.2 for Ra 1 and 1.64 for Ra 2 , suggesting that drainage occurs faster at higher Ra. The probability for a single tracer to escape in a short interval [t : t + dt) thus decreases as t increases, a typical signature of non-hyperbolic escape, whereas that probability would be strictly constant in the case of hyperbolic decay. The non-hyperbolic scaling, in the present case of a Hamiltonian system, is usually attributed to stickiness effects: non-resonant KAM tori embedded in the saddle slow down the evolution of tracers and increase the time needed to escape the saddle. This is to be contrasted with the case of a hyperbolic chaotic saddle, characterised by a constant non-zero probability of escaping in this interval, and thus by an exponential decrease of N (t) 4 . The distribution of residence times in the zone A = {x ≤ 1/4} can also be traced as a function of the initial position d 0 along W u (P ), see Fig. 3  (right) . This figure, displayed in log-log representation, shows a strictly periodic alternance of smooth zones with short residence time and jagged landscapes with high residence times and fractal dependence on d 0 2,7 . This plot appears as the signature of the accumulation of lobes near the stable manifold of P , following the Inclination lemma 1 . It is the authors opinion that this graphical signature can be used as a tool to identify homoclinic tangles in volume-preserving or even weakly dissipative systems. 
Transport between symmetric tangles
In the preceding section, the escape of tracers from the chaotic saddle (denoted "A") was considered without allowing them to come back. In the case Ra = Ra 1 , the exited tracers actually enter another saddle (say "B"), symmetric of the one they have exited. After a given escape time following the same statistics of escape, the tracers are back to A, and so on. Both saddles thus act as communicating reservoirs exchanging tracers at the same statistical rate. Let us define a coarse-grained concentration depending only on the horizontal coordinate n(x) = ∆x −1 N ([x : x + ∆x)), with ∆x ≈ 2.10
the width of each bin. Fig. 4 shows the temporal evolution of n(x, t) with time t, when tracers are initially seeded in the saddle A as before. Tracers migrate individually from A to B, then leave B back to A and the process starts again. After a small number of exchanges, both reservoirs A and B contain the same number of particles. The asymptotic profile n ∞ (x) shows however that tracers reside mostly near both homoclinic tangles whereas the concentration is low everywhere else, demonstrating that mixing is poor even when the analysis is restrained to horizontal dispersion. The quality of mixing can be measured by the variance of a specific concentration, which depends on time: if the variance decreases to zero at large times, tracers are considered as homogeneously dispersed through the cavity. The functional dependence of this variance vs. time again indicates whether mixing can be considered hyperbolic (exponential decay) or not (algebraic decay). In the following we derive a simplified model for the equilibration of N A (t) and N B (t) with time, introducing the quantity ∆(t) = N A (t)−N B (t). We note first that the total number of particles N A + N B is constant hence over a infinitely short time interval [t : t + dt) we have dN A + dN B = 0. Focusing first on the reservoir A, the variation of N A over [t : t + dt) results from the number of particles exiting the domain without having the time to come back, which corresponds to dN E A , corrected by the number of particles exiting B, i.e. dN E B . We thus have
We can express the numbers dN E A (resp. dN E B ) as a given fraction α of the total number of tracers present in A (resp. B) and ready to leave at time t. α is a constant for a hyperbolic saddle. Because tracers coming from B into the saddle A spend a finite time before exiting, the total number of tracers ready to exit at time t is less than the total number of tracers in A at the same time. On the basis of the first arrived-first served principle, the tracers having entered the saddle A last, cannot escape A at time t. If τ is the mean escape time, we assume that all tracers having left B (and entered A) in the finite interval [t − τ : t) do not contribute yet to the statistics of escape from A. Expressing this instantaneous correction as dN E B < 0 we have
Plugging Eq. 3 into 2 results in
and similarly for dN
Inserting this expression back into Eq. 1 results iṅ ∆ = −2α∆ − 2α The term r 2 (t) = O(α 2 ), can again be expanded in the same fashion, yielding eventually a hierarchy of unclosed systems with residuals r n (t) = O(α n ), n = 1, 2, 3, .... The rate α is typically a small number, which justifies truncation of the model at order n by neglecting r n . The 0 th order corresponds to non-communicating saddles for which∆ = 0, and the number of tracers in each half of the cavity remains constant with time. At 1 st order, the saddles exchange tracers, but the time spent by the tracers in each saddle does not influence the exchange. As a consequence, ∆ = −2α∆, whose solution reads ∆(t) = ∆ 0 e −2αt . Both reservoirs thus equilibrate exponentially fast, without oscillations and independently of the initial repartition. At 2 nd order, the system corresponds to Eq. 5 without the residual r 2 = O(α 2 ), i.e. an integro-differential equation with memory. The memory term indicates that freshly arrived tracers need to perform homoclinic turns of average duration τ before exiting. Note that a small rate of escape α is equivalent to a long mean duration τ , with the relation being ατ = 1 for hyperbolic cases. Temporal integration of the model at 2 nd and 3 rd order, with adjustable parameters α and τ was performed using a simple Euler time scheme, and compared with the actual data. The value of τ = 30.6T 0 corresponds to the expectation value τ := ∞ 0 p(t)tdt of the residence times in A or B, with p(t) the related PDF (shown in Fig. 6 ) and T 0 the period of the velocity field, while α was varied freely. The initial condition imposed over the whole interval [0 : τ ] is the solution of the simpler initial value problem∆ = 2Ṅ E A with initial condition ∆(t = 0) = N A (t = 0), corresponding to A full and B empty. The match between data and model is qualitatively satisfying, and quantitatively good with the 3 rd order model. This is remarkable given the rather crude assumptions made, among them the assumption for a single delay time τ rather than the heavy-tailed distribution in Fig. 6 . The linear structure of the model, in particular the assumption for constant α associated with hyperbolic escape rates, can seem surprising given the nonhyperbolic statistics evident from Fig. 3 (left) . However non-hyperbolicity describes only large time horizons, while the transport between A and B is essentially mediated by escapes after durations of O(τ ). A signature of the large deviations in the escape times is however the need in practice for larger values of α (0.05 rather than 0.033) than dictated by the relation α = τ −1 valid in the hyperbolic case. 
Homogenisation at higher Ra
While transport at Ra = Ra 1 only allows for homogenisation between left and right cavity sides, there is no complete mixing in the sense that the tracers hardly spread in the vertical direction. As explained in Ref. 5 , incomplete mixing results from the persistence of non-resonant KAM tori that act as barriers to transport. Increasing Ra causes more tori to resonate, and the resulting stochastic layers to overlap. At Ra = Ra 2 = 2.05 × 10 8 , most barriers to transport have vanished (except in the very centre of the cavity) and homogenisation takes place over long times independently of the initial location of the tracers. This is investigated by monitoring the concentration γ(z) such that γ(z)dz = N ([z : z + dz)) and its variance σ 2 γ (z), see Fig. 7 for both Ra 1 and Ra 2 . For Ra 1 , the variance hardly decreases with time, indicating no mixing. For Ra 2 , the decrease of σ 2 γ decreases almost to zero, the asymptotic plateau being associated with the lack of homogenisation in the centre of the cavity only. While the initial decay of σ 2 γ (t) is linked to chaotic diffusion through the overlapping stochastic layers (see Ref.
3 ), the final decay follows a clear power law over a full decade, with exponent β ≈ −2.3. This non-hyperbolic signature was reported in Ref.
5 as well as in several other fluid systems. A common interpretation, in the context of time-periodic flows, associates this algebraic decay with remaining non-resonant KAM tori and their stickiness effect on tracers. Another argument, independent of the dynamics of the flow field but geometry-dependent, relates the non-hyperbolic character to the effect of the walls (characterised by no-slip boundary conditions): tracers are slowed down in the vicinity of the wall even in turbulent regimes 9 . Both arguments are connected since the wall streamlines are degenerate KAM tori that never resonate. 
Conclusions
Transport of passive tracers in a simple time-periodic two-dimensional flow hides a surprising wealth of phenomena. In the present study we have compared mainly horizontal transport (no mixing) with full homogenisation (i.e. mixing) at higher values of the Rayleigh number. A recurrent signature of this transport, independently of the ability of the flow to mix, is its non-hyperbolic character : most probability distributions display algebraic decay over long times. The horizontal transport between two symmetric saddles displays damped oscillations of the concentration akin to sloshing. This was successfully modelled using an original hierarchy of linear systems with single delay. We hope that the present findings can also be extended to three-dimensional fluid configurations and different symmetry configurations.
